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Sammendrag. Det grønne skiftet: regulering, omstillingsdynamikk og intertemporale 
effekter 

Bedrifter bruker tid til å tilpasse seg nye reguleringer som krever arbeidere med ny kompetanse eller 
utskiftning av maskiner og bygninger. Dette er relevant både for hvordan regulering virker og for 
hvordan regulering bør utformes. I dette essayet undersøker jeg temaet med utgangspunkt i 
virkemiddelbruk og omstilling av elektrisitetssektoren på veien mot lavutslippssamfunnet. 

En dynamisk modell viser at annonsering av nye utslippsskatter har tre effekter på utslipp allerede før 
skattene innføres: 

1. Økt produksjon av begrensede fossile ressurser som olje og gass. Dette skjer fordi de 
fremtidige skattene reduserer verdien i å spare resursene for senere produksjon. Ergo er det 
mer gunstig å utvinne mer nå. Denne mekanismen refereres gjerne til som det «grønne 
paradokset».  

2. Redusert etterspørsel etter fossilt brensel. De annonserte skattene øker kostnaden ved å 
forbrenne kull og gass i fremtiden. Dette gjør det mindre gunstig å vedlikeholde eller investere 
i fossile varmekraftverk og senker dermed etterspørselen etter fossile brensler.  

3. Økt tilbud av elektrisitet fra relativt rene energikilder. Utslippsskattene vil gjøre fossil 
kraftproduksjon dyrere i fremtiden, hvilket innebærer at relativt ren energi blir mer 
konkurransedyktig. Dette gjør investeringer i blant annet fornybar energi mer attraktivt. Det 
økte tilbudet av ren elektrisitet reduserer konsumet av elektrisitet fra utslippsintensive 
varmekraftverk.  

Mens (1) er en tilbudssideeffekt som drar i retning av økte utslipp, er (2) og (3) 
etterspørselssideeffekter som bidrar til å redusere utslippene. Fra et teoretisk ståsted er det dermed 
tvetydig om annonsering av fremtidige skatter vil øke eller senke dagens utslipp. Numeriske 
simuleringer gir imidlertid sterke indikasjoner på at (2) og (3) dominerer (1), dvs. at utslippene vil 
falle.  

Dersom bedriftenes forventninger om fremtidige priser er adaptive, dvs. at høyere priser i dag gir 
forventninger om høyere priser fremover, bør utformingen av miljøskatter ta hensyn til dette. Det 
innebærer at investeringer i forurensende varmekraftverk skattlegges, mens investeringer i relativt rene 
kraftverk subsidieres. Det viser seg imidlertid at adaptive forventninger og relativt høye priser under 
omstillingen fra fossil til ikke-fossil energi kan medføre at investeringsbeslutningene i ren 
produksjonskapasitet baseres på for optimistiske forventninger om fremtidige priser. Dette gir i så fall 
overkapasitet, for eksempel i form av at for mange fosser legges i rør. For å forhindre dette kan en 
skattlegge også disse investeringene. Alle investeringsskattene kommer i tillegg til en skatt på utslipp 
og er kun nødvendige i en overgangsfase. 

Analysen viser at virkemiddelbruken på veien mot lavutslippssamfunnet bør annonseres tydelig og 
være forutsigbar, da annonseringen i seg selv har effekt og stor verdi. Et effektivt grønt skifte vil 
gjerne kreve en kombinasjon av skatter/subsidier på investeringer i en overgangsfase. Skattlegging av 
utslipp kommer i tillegg.  



1 Introduction

A power plant or vehicle may operate for decades before it is obsolete. Con-

sequently, adaptation to new regulatory policies will be sluggish. This is

particularly relevant when the regulator wants to induce substantial changes

in the economy, like in the case of climate change (see, e.g., IPCC, 2015).

In this paper, I examine regulation in the presence of adjustment costs and

resource scarcity, allowing for imperfect agent foresight. I focus on climate

change and time persistent fossil fuel consumption patterns. Specifically,

I assume that firms face convex investment costs, implying that the cost

of reducing greenhouse gas (GHG) emissions increases with the speed of

emission reductions.

My first research question explores transition dynamics under subopti-

mal environmental policy; i.e., does announcement of future emission taxes

decrease current emissions in the presence of resource scarcity and adjust-

ment costs? Anticipated future emission taxes have three effects on early

emissions:

(a) Increased current supply of fossil fuels. Future taxes decrease the fu-

ture value of the fossil fuel resource. Hence, it is profitable to move

extraction forward in time. This is the well-known (weak) green para-

dox (see, e.g., Sinclair 1992; Sinn, 2008; Gerlagh, 2011).

(b) Reduced demand for fossil fuels. Future taxes increases the future cost

of combusting fossil fuels. This reduces the profitability of investment

in, e.g., coal fired power plants, and thereby the demand for coal.

(c) Increased supply of low emission fuel substitutes. Future emission

taxes increase future residual demand for low emission energy. This

increases the profitability of investment in, e.g., renewable energy and,

thereby, the supply of renewable energy to the market. This reduces

the consumption of fossil fuels.

Whereas (a) increases the supply of fossil fuels, (b) and (c) reduce the de-

mand for fossil fuels. Hence, it is a priori ambiguous whether the market

equilibrium will feature increased or decreased fossil fuel consumption, as

compared to the case without future taxes. Section 3 presents numerical

results which suggest that the demand side dynamics (b) and (c) strongly

dominate the supply side dynamic (a).
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The regulator faces a trade-off in the presence of adjustment costs: On

the one hand, fast emission reductions reduce environmental damage from

global warming. On the other hand, the cost of emission reductions can

always be reduced by extending the time horizon over which emission re-

ductions take place. Furthermore, environmental policy has the dynamic

effects (a) to (c) mentioned above. My second research question is: Should

Pigouvian taxes be adjusted in the presence of adjustment costs and resource

scarcity?

Standard Pigouvian taxes induce the socially optimal time trajectory

if firms have perfect information about the future. This is not surprising,

because the firms then perfectly internalize their future adjustment and

resource scarcity costs. But what if the firms are less than perfectly informed

about future prices and taxes? To examine this, I let expectations be a linear

combination of rational and adaptive expectations.1 That is, the firms’

beliefs about future producer prices (including producer taxes) is a mix

between (i) expectations under perfect foresight and (ii) expectations based

on a weighted mean of past observations, with less weight on observations

further back in time.

It seems reasonable to conjecture that the presence of adaptive expec-

tations induces excess inertia; i.e., that the emission tax must be above the

Pigouvian tax level in order to induce efficient transition towards the low

emission economy. The rationale is that the firms’ investment decisions are

based on price expectations that depends on the fossil fuel based economy.

Hence, a tax above the Pigouvian level is needed to spur shut-down of emis-

sion intensive power plants and investment in low emission energy sources.

The answer turns out to be somewhat more complex, however.

Firstly, the optimal time trajectory cannot, in general, be implemented

with a tax on emissions alone. The reason is that we have three poten-

tial market failures: the negative externality related to emissions, erroneous

scarcity rents in the firms’ decisions involving extraction of exhaustible re-

sources, and erroneous investment decisions. The first two market failures

can be corrected for by a production tax consisting of two elements: a

Pigovian tax on emissions and a shadow price element correcting for the

1See Muth (1961), Lucas (1987) and Sheffrin (1996) about rational expectations. See
Friedman (1957) and Sargent (1999) about adaptive expectations. Chow (1989; 2011)
presents econometric evidence in favor of adaptive expectations, as opposed to rational
expectations.

5



erroneous resource rent. The third market failure requires a tax on invest-

ment.

Secondly, the presence of adaptive expectations does not necessarily im-

ply excess inertia. The reason is that the clean energy producer price evolves

non-monotonically during the transition towards the low emission economy.

Clean energy producer prices increase initially, because of higher residual

demand for clean energy when the supply of emission intensive energy is

taxed. Thereafter, the producer prices decrease as the economy adjusts to-

wards the new equilibrium. Specifically, the production capacity of relatively

cheap clean energy replaces the taxed and, hence, more costly emission in-

tensive energy. It follows that adaptive price expectations may be too high

during the transition, implying overinvestment in clean energy production

capacity and emissions below those of the optimal time trajectory. In the

numerical simulations, adaptive expectations induce excess inertia if and

only if expectations react sufficiently sluggishly to new information about

prices and taxes. One reason for this result is that the clean energy ‘pro-

ducer price spike’ that occurs after introduction of emission taxes does not

affect the firms’ beliefs about future prices as strongly if the adaptive ex-

pectation formation process is sluggish. The numerical analysis suggests

that the optimal tax on investment in clean energy sources is first negative

(subsidy), then positive and slowly declining towards zero. Producer prices

on emission intensive energy declines monotonously during the transition

towards the low emission economy. The optimal tax on investment in emis-

sion intensive production capacity is therefore positive and slowly declining

towards zero.

Thirdly, the optimal tax on scarce resources is below marginal environ-

mental damage if producer prices are monotonously decreasing. The reason

is that the firms’ adaptive producer price expectations are above the ac-

tual future prices if prices are declining, implying a too large absolute value

scarcity rent. Conversely, the optimal production tax is above marginal envi-

ronmental damage if producer prices are monotonously increasing. It follows

that the optimal production tax on scarce emission intensive resources tend

to be below the Pigouvian tax level during the transition towards a low

emission economy, because the transition period features declining producer

prices for emission intensive goods. After the transition period, however,

resource scarcity implies gradually increasing consumer prices (in the ab-
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sence of technic change). This implies taxation above the Pigouvian level

in the long run, unless environmental damage increases sufficiently fast to

induce declining producer prices (consumer price minus emission tax). The

standard Pigiouvian tax is optimal on production that does not involve ex-

haustible resources.

Last, a uniform tax does not ensure cost efficiency unless all firms have

the same beliefs about the future. The reason is that the perceived shadow

prices on production and investment may differ across the firms.

The presence of adjustment costs was early recognized; both related

to firms’ net capital investment decisions (Lucas, 1976; Gould, 1968) and

related to changing the number of employees (Holt et al., 1960; Oi, 1962).

Capital adjustment costs arise, e.g., if the price of capital increases in the

rate of investment. Labor adjustment costs include costs related to hiring,

training and layoff. These are all relevant sources for the adjustment costs

modelled in the present paper. In the empirical literature, development

of models approximating adjustment costs by including lagged dependent

variables led to sharp increases in econometric performance (Koyck, 1954;

Hall and Jorgenson, 1976). The role of non-convexities and irreversibilities

are highlighted by, e.g., Abel and Eberly (1996) and Power (1998). There

is a substantial literature on exhaustible resources with foresighted resource

owners (Hotelling 1931; Heal, 1976), including regulatory issues and the

green paradox (Sinclair, 1992; Sinn, 2008).2

Section 2 features the theoretical analysis. The numerical Section 3 is

included to substantiate selected results and model dynamics. Section 4

concludes.

2 Theoretical analysis

Let the vector xt =
(
x1
t , x

2
t , ..., x

ī
t

)
denote a representative consumer’s con-

sumption bundle of goods i ∈ I = {1, 2, ..., ī} in period t ∈ T =
{

1, 2, ..., t
}

.

The associated benefit is given by the increasing and strictly concave utility

function u (xt). I assume market clearing such that production of xit equals

consumption of xit for all i ∈ I and t ∈ T . One interpretation of this model

setup is an economy which uses energy at decreasing returns to scale, and

2See also Shapiro (1986), Hamermesh and Pfann (1996), Caballero and Engel (1999),
Hall (2004), and Cooper and Haltiwanger (2006) about adjustment costs. See Hoel (2012)
and Jensen et al. (2015) for more about the green paradox.
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Figure 3: Sensitivity wrt. adjustment costs. Effects of tax announcement
on production by source (left axis) and emissions (right axis) summed over
the 10 years before the tax is implemented. Tax minus no tax simulation
values.

2050 was reduced to a mere 84 TWh in the simulation without emission

taxes and five-fold resource scarcity parameter values. Note that higher

early gas production, caused by announcement of future emission taxes,

may crowd out electricity supply from emission intensive coal plants along

with electricity from low emission sources.

Last, the results are very robust to changes in initial production capacity

between energy sources. Specifically, emissions during the period 2016-2024

declines following tax announcement even when initial capacity is adjusted

such that all electricity in 2015 are generated from gas and petroleum fired

power plants. This suggest that emissions are likely to decline following

announcement of future taxes in other energy markets as well (i.e., besides

the U.S. market).

3.2 Transition dynamics under optimal versus Pigou taxes

In this Section I compare model dynamics under optimal taxes (cf. Propo-

sition 2) and standard Pigouvian taxes on emissions equal to the social cost

of carbon (henceforth referred to as a ’SCC tax’). I assume that ψ = 0
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Figure 4: Selected producer prices from 2015 to 2050. Optimal (*) and SCC
( scc) trajectories.

and ϑ = 1/2 in Section 3.2, implying that the firm’s expectations are per-

fectly adaptive with quite fast error correction (see Fig 10 in Appendix B).

I model CO2 emissions as a flow pollutant with constant marginal environ-

mental damage, such that the 80 percent reduction target is reached in 2050

along the socially optimal time trajectory. Constant marginal damage is a

reasonable approximation for a global pollutant like CO2.22

Figure 4 graphs selected producer prices over the period 2015 to 2050.

The taxes are introduced in 2016, which is the first year in the simulation

runs. The consumer prices are roughly one USD per MWh above the pro-

ducer prices for non-fossil energy (nuclear and renewables, which are one

top of each other in Figure 3) over the whole time horizon. The tax im-

plementation induces a sharp increase in the supply cost of electricity from

coal fired power plants in 2016. This also increases residual demand and,

hence, producer prices for electricity from low emission power plants. The

prices decrease after 2016, because increased generation capacity from non-

fossil energy sources replace the fossil fuels with relatively high supply costs

22See Appendix B for results with a stock pollutant with a yearly depreciation rate of
0.5 percent, implying a CO2 half-life of 139 years. The qualitative results presented in
Section 3.2 are not affected by the inclusion of stock dynamics.
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Figure 5: Selected shadow prices on capacity (line chart) and differences in
net investment levels (bargraph).

(because of the emission tax).

Whereas the prices decline steadily after 2016 along the socially optimal

time trajectory, prices in competitive equilibrium with adaptive expectations

and SCC taxes oscillate. The reason is that the adaptive price expectations

lags actual prices, which tends to cause too high shadow prices on capac-

ity in periods with decreasing producer prices, and too low shadow prices

in periods with increasing producer prices. These mechanics are revealed

in Figure 5, which graphs selected shadow prices and net investment levels

over the period 2016 to 2050. We observe that the low emission electricity

generation sources adjust their price expectations to the new and higher

price levels after around two years. Therefore, we have too little invest-

ment in low emission capacity in the first two simulation years. Further,

the firms do not foresee that the equilibrium prices will decrease as the

economy completes the transition towards the new low emission electricity

market. Consequently, the ‘short run’ dynamics under SCC taxes are char-

acterized by overinvestment in coal fired power plants, and an expansion of

low-emission generation capacity that catches up and ‘overshoot’ after two

years of underinvestment. The resulting excess capacity from all generation
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Figure 6: U.S. electricity production by source. Optimal (*) and SCC ( scc)
trajectories. Selected years.

sources causes the equilibrium prices to decline, and consumer prices un-

der the SCC tax are below those of the optimal tax in the ’medium run’

(i.e., rougly the 2020s and 2030s).23 In the ’long run’, the time trajectory

under SCC taxes converge towards the socially optimal path as the adap-

tive expectations converge towards the actual prices realized in competitive

equilibrium.

Figure 6 graphs electricity production levels by energy source under op-

timal taxes and SCC taxes in selected years, including historic EIA numbers

for the year 2015. The total present value welfare gain following implemen-

tation of optimal versus SCC taxes constitutes 32 percent of total supply

costs in 2015. The welfare effects are graphed in Figure 13 in Appendix B.

Whereas the presence of adaptive expectations implies that the transition

towards the low carbon economy under Pigouvian taxes is too slow in the

first years, the results are less clear in the slightly longer run (both in theory

and in the numerical model). The reason is that the adaptive expectations

adjusts slowly to the decreasing prices after the tax is implemented (see

23Note that these mechanics are related to the well-known cobweb model, where the
amount produced must be chosen before prices are observed, see e.g. Ezekiel (1938).
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Figure 7: Consumer prices and emissions in percent of 2015 US electricity
price and 2015 US emissions from electricty generation, respectively. Opti-
mal and SCC taxes with different values on the error correction parameter
ϑ.
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Figure 8: Optimal taxes on investment by energy source, ϕi,∗t .

figure 10 in Appendix B), implying a period with overinvestment in all fuel

sources (see Figure 5). Hence, it is possible for emissions during, e.g., the

first decade or two, to be either too high or too low under Pigouvian taxes.

Figure 7 graphs consumer prices and total emissions under optimal taxes and

SCC taxes, with various adaptive expectation error correction parameter

values. Whereas emissions under SCC taxes are above the optimal levels

with slow updating of price expectations (cf., ϑ = 0.1 in Figure 7), rapid

updating of beliefs (cf., ϑ = 1 in Figure 7) causes investments in low emission

technology to overshoot, with associated emissions below the optimal time

trajectory. The baseline simulation error correction parameter value (cf.,

ϑ = 0.5 in Figure 7) is somewhere in between. Hence, the role of the

optimal taxes given in Proposition 2 depends crucially on the expectations

formation process (11). Specifically, the role of the optimal taxes is to speed

up the transition towards the low carbon economy if and only if expectations

adjust slowly to new information.

The optimal taxes on investment in the baseline simulation, ϕi,∗t , are

graphed in Figure 8. Note that these taxes are not simply the difference

between the shadow prices on investment depicted in Figure 5, because

current taxes influence the firms’ expectations about future producer prices.
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Figure 9: Optimal tax on electricity from gas fueled power plants, τ gas,∗t .

The optimal investment taxes are positive (or close to zero) for all fuels in all

periods, except for a subsidy to low emission energy in the first simulation

year 2016. Somewhat surprisingly, perhaps, the investment taxes are higher

for low emission energy after 2017. The reason is that these energy sources

experience a stronger discrepancy between expected and actual producer

prices than the fossil fuels coal and gas.

Figure 9 graphs the optimal production tax for electricity from gas fueled

power plants. We observe that the shadow price tax elements are negative

over the years 2016-2045, which is consistent with declining producer prices

and Proposition 2. The conservation tax elements are positive after 2045,

because resource scarcity induces slowly increasing producer prices in the

long run (cf., Corollary 2). The conservation tax elements are very small

for the other energy sources. Remember that the optimal taxes in figures

8 and 9 are sensitive to the assumptions about the adaptive expectations

formation process (11), cf. Figure 7.
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4 Conclusion

This paper examined regulation in the presence of adjustment costs, re-

source scarcity and potentially imperfect knowledge about future prices.

There are three main lessons two be learned. First, the results indicate that

announcement of future environmental regulation of electricity markets will

reduce current emissions. In short, whereas demand side dynamics induced

by adjustment costs indicate that future taxes reduces early emissions, the

supply side dynamics put forward by the green paradox literature suggests

an increase in early emissions. Whereas theory alone hence yields ambigu-

ous results, the demand side dynamics dominates the supply side dynamics

for all reasonable parametrizations of the numerical model. Second, the

socially optimal time path can be achieved with standard Pigouvian taxes

if and only if the firms have perfect knowledge about the future. If the

firms’ expectations are partly adaptive, optimal taxation includes a tax on

investment and, in the case of scarce resources, taxes that differs from the

Pigouvian emission tax. Third, the presence of adaptive price expectations

does not necessarily induce excess inertia in the transition towards a low

emission energy market. Indeed, the combined presence of adjustment costs

and adaptive expectations may induce overinvestment in clean production

capacity and emissions below the optimal time trajectory.

The theory predicts that forward-looking agents will reduce current con-

sumption of goods subject to stringent future regulation. In this respect, it is

interesting to observe the current struggle of publicly traded U.S. coal com-

panies.24 Clearly, there are several factors behind this, like slower economic

growth, cheap natural gas and current environmental regulation. Neverthe-

less, it seems reasonable that also bleaker prospects caused by future envi-

ronmental regulation and increasingly competitive renewable power partly

explains the investors’ vanishing interest in coal.25

Last, the paper features a stylized model framework and issues like

24According to Bloomberg (March 17, 2016), the combined market capitalization of
U.S. coal miners since 2011 has plunged from over $70 billion to barely $6 billion. In the
past two years, at least six U.S. coal-mining companies have filed for bankruptcy. Their
struggle to find rescue in the financial and capital markets underscores Wall Street’s
vanishing interest in coal companies (http://www.bloomberg.com/news/articles/2016-03-
16/coal-s-last-man-standing-dragged-to-the-brink-of-bankruptcy).

25The International Energy Administration (IEA) states, referring to the 2015 Paris
Climate Conference, that climate policy has emerged as a major driver for the future of coal
in large parts of the world (http://www.iea.org/Textbase/npsum/mtcmr2015sum.pdf).
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commitment, uncertainty, network externalities, economic growth, techni-

cal change and general equilibrium effects are not included in the analysis.

It seems reasonable, however, to expect the basic mechanisms explored in

the present paper to remain present in a more general setting.

Appendix A: Proofs and derivations

Proof of Lemma 1. The benevolent social planner solves (5) s.t. equation

(1) to (4). The associated present value Hamiltonian is:

H∗ =


δt−1

[
u (xt)− d (ςx′t, St)−

∑
i∈I
(
ci
(
xit, X

i
t , Y

i
t

)
+ κi

(
yit
))]

+
∑

i∈I

(
λ̂it
(
βY i

t + yit
)

+ µ̂it
(
X + xit

))
+ γ̂t (αSt + ςx′t) , ∀t < t

δt−1
[
u (xt)− d

(
ςx′

t
, St
)
−
∑

i∈I
(
ci
(
xi
t
, Xi

t
, Y i

t

)
+ κi

(
yi
t

))] .

where c(·) is given by (1), and λ̂it, µ̂
i
t and γ̂t are shadow prices on production

capacity, cumulative production (over time) and the emission stock, respec-

tively. The Maximum principle for discrete time optimization states that

the solution to (5) must satisfy the following necessary conditions for all

i ∈ I (see, e.g., Sydsæter et al., 2008, p. 445):

H∗xit
= δt−1

(
uxit (x∗t )− cixit

(
xi,∗t , X

i,∗
t , Y i,∗

t

)
− dxit

(
ςx∗′t , S

∗
t

))
+ µ̂it + ζiγ∗t ≤ 0, ∀t,(16)

H∗yit
= −δt−1κiyit

(
yi∗t
)

+ λ̂i,∗t = 0 ∀t,

λ̂i,∗t−1 = H∗Y i
t

= −δt−1f iY i
t

(
xi,∗t − Y

i,∗
t

)
+ βλ̂i,∗t , ∀t 6= t,

µ̂i,∗t−1 = H∗Xi
t

= −δt−1hiXi
t

(
Xi,∗
t

)
xi,∗t + µ̂i,∗t , ∀t 6= t,

γ̂∗t−1 = H∗St
= −δt−1dSt

(
ςx∗′t , S

∗
t

)
+ αγ∗t , ∀t 6= t,

0 = λ̂i,∗
t

= µ̂i,∗
t

= γ̂∗t ,

where the last line is the transversality conditions for free state variables

Y i
t
, Xi

t̄ and St. The assumptions imposed on the cost function c (·) ensures

that the Hamiltonian is concave for all t ∈ T around optimum. Hence, the

necessary conditions (16) maximize W by Arrow’s Sufficient Theorem. Last,

the state movement equations (2), (3) and (4) must be satisfied along the

optimal trajectory.

The solution to λ̂i,∗t−1 = −δt−1f i
Y i
t

(
xi,∗t − Y

i,∗
t

)
+ βλ̂i,∗t in (16) is λ̂i,∗t =
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λ̂i,∗0
βt +

∑r=t̄
r=t+1

δr−1

βt−r+1 f
i
Y i
t

(
xi,∗t − Y

i,∗
t

)
. The transversality condition λ̂i,∗

t
=

0 then implies λ̂i,∗0 = −
∑r=t̄

r=1 (βδ)r−1 f i
Y i
t

(
xi,∗t − Y

i,∗
t

)
. Inserting in the

equation for λ̂i,∗t above yields λ̂i,∗t = −
∑r=t̄

r=t+1 δ
r−1βr−t−1f i

Y i
t

(
xi,∗t − Y

i,∗
t

)
(t < t). The current value shadow price on capacity is then given by:

λi,∗t ≡
λ̂i,∗t
δt−1

= −δ
r=t̄∑
r=t+1

(βδ)r−t−1 f iY i
r

(
xi,∗t − Y

i,∗
t

)
, (17)

with γt = 0.

The solution to µ̂i,∗t−1 = −δt−1hi
Xi

t

(
Xi,∗
t

)
xi,∗t + µ̂i,∗t in (16) is µ̂i,∗t = µ̂i,∗0 +∑r=t

r=1 δ
r−1hi

Xi
r

(
Xi,∗
r

)
xi,∗r for t < t. The transversality condition µ̂i,∗

t
= 0

then implies µ̂i,∗0 = −
∑r=t

r=1 δ
r−1h′

Xi
r

(
Xi,∗
r

)
xi,∗r . Hence, we have µ̂i,∗t =

−
∑t

r=t+1 δ
r−1h′

Xi
r

(
Xi,∗
r

)
xi,∗r (t < t). The current value shadow price on

cumulative production Xi,∗
t is then given by:

µi,∗t ≡
µ̂i,∗t
δt−1

= −
t∑

r=t+1

δr−th′Xi
r

(
Xi,∗
r

)
xi,∗r , t < t, (18)

with µi
t

= 0.

The solution to γ̂∗t−1 = H ′St
= −δt−1dSt(ςx

∗′
t , S

∗
t ) + αγ̂t in (16) is γ̂∗t =

1
αt
γ̂0 +

∑r=t
r=1

δr−1

αt−r+1dSr(ςxr, Sr). The transversality condition γ̂t = 0 then

implies γ̂0 = −αt
∑r=t

r=1
δr−1

αt−r+1dSr(ςxr, Sr). Inserting in the equation for γ̂t

above yields γ̂t = −
∑t

r=t+1 δ
r−1αr−t−1dSr(ςxr, Sr) (t < t). This is the

adjoint related to the emissions stock St in the maximization problem (5).

The solution in Lemma 1 is presented in terms of the marginal environmental

damage from current emissions (or social cost of carbon), however, which is

then given by:

γt ≡ d(ςxz′
t )

(
ςxz′t , S

z
t

)
+
−γ̂t
δt−1

= d(ςxz′
t )

(
ςxz′t , S

z
t

)
+δ

r=t∑
r=t+1

(αδ)r−t−1 dS(ςxz′t , Sr)r, t < t,

(19)

with γt = d(ςxz′
t̄ )
(
ςxz′t̄ , S

z
t̄

)
.

Inserting equations (17) to (19) in the first line in equation (16) yields

the socially optimal time trajectory in Lemma 1.

Proof of Lemma 2. The representative firm maximizes the present value
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of profits over the whole time horizon, given its beliefs about future prices.

The period t Hamiltonian of firm i is:

H i,t
s =


δs−1

[(
pi,t,es − τ i,t,es

)
xi,ts − ci

(
xi,ts , X

i,t
s , Y

i,t
s

)
−
(
κi
(
yi,ts
)

+ ϕi,t,es yi,ts
)]

+λ̂is

(
βY i,t

s + yi,ts
)

+ µ̂is

(
Xi,t
s + xi,ts

)
, ∀t < t,

δt−1
[(
pi,t,e
t̄
− τ i,t,e

t̄

)
xi,t
t̄
− ci

(
xi,t
t̄
, Xi,t

t̄
, Y i,t

t̄

)
−
(
κi
(
yi,t
t̄

)
+ ϕi,t,e

t̄
yi,t
t̄

)]
,

.

for all s ∈ ξt =
{
t, t+ 1, ..., t

}
. Note that the variables for the time t

trajectory have superscript t, because the trajectory is updated in the next

period unless ψ = 0 (or if the economy is in a stationary state and ϑ =

1). The system of necessary conditions is (the derivation is similar to the

derivation of the social planner’s time trajectory above):

pi,e,ts − τ i,e,ts ≤ cixis
(
xi,ts , X

i,t
s , Y

i,t
s

)
− µi,ts , (20)

λi,ts ≤ κyis
(
yi,ts
)

+ ϕi,ts ,

λi,ts = −δ
r=t̄∑

r=s+1

(βδ)r−s−1 f iY i
t

(
xi,tr − Y i,t

r

)
,

µi,ts = −
t∑

r=s+1

δr−shiXi
r

(
Xi,t
r

)
xi,tr ,

which together with the state movement equations (2) and (3) is sufficient

for optimum by Arrow’s Sufficient Theorem (given the firm’s beliefs about

future prices and taxes). The sums over r are zero at t = t̄. Note that

the control sequence
{
xi,ts , y

i,t
s

}
s∈ξt

is a function of the prices pit, τ
i
tand ϕit

(including expectations about the future), and the state variables Xi
t and Y i

t .

This allows the firm to update its trajectory based on the latest available

information about the current state of the system (i.e.,
{
xi,ts , y

i,t
s

}
s∈ξt

is

a closed-loop or Markov control). Market equilibrium requires that pit =

uxit

(
xit
)

in (20) along the competitive equilibrium path (cf. equation 9).

The rational expectations time t trajectory
{
xi,t,rats , yi,t,rats

}
s∈ξt

solves

the maximization problem (10) subject to equations (2), (3) and (9) under

the assumption of perfect information about the future along the rational

expectations path (which coincides with the competitive equilibrium iff ψ1 =
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Figure 10: Producer prices in competitive equilibrium. Actual (c) and one
period ahead adaptive expectations (ada).

1) for all i ∈ I. The solution is given by (20), with perfect information about

future prices along the rational expectations path.

The adaptive expectations time t trajectory
{
xi,t,adas , yi,t,adas

}
s∈ξt

solves

the maximization problem (10) subject to equations (2), (3) and (11). The

solution to (11) is χi,e,tt+n = (1− ϑ)t χ̄i + ϑ
∑t

k=1 (1− ϑ)t−k χi,ck . Hence, the

adaptive expectations trajectory is given by (20) with pi,e,ts −τ i,e,ts = (1− ϑ)t
(
p̄i − τ̄ i

)
+

ϑ
∑t

k=1 (1− ϑ)t−k
(
pik − τ ik

)
and ϕi,e,ts = (1− ϑ)t ϕ̄i + ϑ

∑t
k=1 (1− ϑ)t−k ϕ̄ik

for s > t. We have pi,e,tt = pit, τ
i,e,t
s = τ it and ϕi,e,tt = ϕit at s = t in (20); cf.,

equations (12) and (13) in the text.

We have to solve for the rational expectations trajectory and the adaptive

expectations trajectory in each period t < t̄ in order to find the current

competitive equilibrium production and investment levels, unless ψ = 1,

because the representative firm updates its beliefs about the future based

on the latest available information. Lemma 2 now follows from equations

(9) and (15).
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Appendix B: The numerical model

Let the set of goods be I = {coal, gas, nuclear, renewables, CCS}, such that

xit denotes U.S. electricity produced (and consumed) in year t ∈ T from en-

ergy source i, j ∈ I (j is alias). The utility function is given by u (xt) =

u1

(∑
i∈I x

i
t

)
− (u2/2)

(∑
i∈I x

i
t

)2
. The ’standard’ part of the cost function

is ki(xit) = c1x
i
t+
(
ci2/2

) (
xit
)2

, where c1 and ci2 are fuel specific calibrated pa-

rameters. The adjustment cost function is f i
((
xit − Y i

t

)
/1

2

(∑
i Y

i
t /5 + Y i

t

))
=

gi(·)
(
ci4 +

(
1− ci4

)
Ci(·)

)
,with gi (·) = (c3/2)

((
xit − Y i

t

)
/1

2

(∑
i Y

i
t /5 + Y i

t

))2
and Ci (·) = 1

π

∑
i∈I
[
arctan

((
xit − c5x

i
t−1

)
/c6

)
+ 1

2

]
. Here c3 determines

the magnitude of the adjustment costs, ci4 is the share of adjustment costs

that is incurred when production is declining, c5 is the capital depreciation

factor, and c6 determines the shape of Ci (·). The function Ci (·) is derived

using the Cauchy cumulative distribution function. Note that Ci(·) ∈ (0, 1)

and increases steeply from near zero to near 1 around xit− c5x
i
t−1 = 0, given

a low value on c6. Figure 11 graphs the adjustment costs used in the numer-

ical simulations. I use figures for proved U.S. coal and natural gas reserves

from BP Statistics 2016, along with conversion factors and energy content

from the Canadian National Energy Board to derive the resource scarcity

function hi
(
Xi
t

)
= ci7X

i
t .

26 I assume zero U.S. net imports of coal and gas,

and that all U.S. coal and gas resources are available for U.S. electricity

production. ci7 is calibrated such that supply costs of coal and gas doubles

when accumulated production Xi
t equals proven reserves (ci7 is zero for re-

newables and nuclear, and calibrated under the assumption that half of the

coal is available for CCS).

I estimate U.S. electricity demand based on yearly figures for U.S. elec-

tricity sales to ultimate customers and average yearly prices from the U.S.

Energy Information Administration (EIA) over the period 1990-2014, in-

cluding GDP and the U.S. Henry hub gas price in the regression.27 I let the

26NEB: http://www.neb-one.gc.ca/nrg/tl/cnvrsntbl/cnvrsntbl-eng.html. BP:
http://www.bp.com/en/global/corporate/energy-economics/statistical-review-of-world-
energy.html

27I use the following data sources: Electricity prices and consumption: Energy
Information Administration (EIA) (http://www.eia.gov/electricity/data.cfm#sales);
U.S. GDP: IMF World Economic Outlook Database
(https://www.imf.org/external/pubs/ft/weo/2015/02/weodata/index.aspx); gas, oil
and coal prices: British Petroleum (http://www.bp.com/en/global/corporate/energy-
economics/statistical-review-of-world-energy.html); wage index: U.S. social se-
curity administration (https://www.ssa.gov/oact/cola/AWI.html); Interest rate:
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Figure 11: Calibrated adjustment and investment costs. f ix
(
xit − Y i

t

)
on the

left and kix
(
xit
)

on the right.

electricity price in this equation be endogenous and dependent on the U.S.

oil price (West Texas Intermediate) and the supply of electricity. The fitted

two equation system is: (i) Elcons = 1806− 2.99208 ∗Elprice+ 131.0206 ∗
GDP + 13.50116 ∗ Gasprice, and (ii) Elprice = 197.0943 − 0.0325257 ∗
Elcons+ 0.313119∗Oilprice. Here electricity consumption (Elcons) is mea-

sured in TWh, GDP is in trillions of USD (2014), electricity prices (Elprice)

are in USD (2014) per MWh, gas prices are in USD (2014) per million Btu,

and oil prices are USD (2014) per barrel. All variables are significant at

a 5 percent confidence level and the R2 values are 0.9864 and 0.8790 for

equations (i) and (ii), respectively. Note the negative sign on electricity

consumption (Elcons) in equation (ii). Alternative estimations featuring

the real interest rate, wage index and U.S. coal prices give very similar

results. One lag Dickey-Fuller unit root test suggests that U.S. energy con-

sumption and GDP are non-stationary (MacKinnon approximate p-values

are 0.37 and 0.73, respectively - the null hypothesis is unit root). However,

the one lag Dickey fuller test statistic on the regression residuals is -2.850,

implying that we can reject the hypothesis of unit root residuals at a 10 per-

cent confidence level (p-value is 0.0515). This suggests that U.S. GDP and

electricity consumption are cointegrated. I derive u1 and u2 from equation

(i). Environmental damage is given by d (ςx′t, St) = d1ςx
′
t + d2St + d3

2 S
2
t .

Federal reserve (https://www.federalreserve.gov/releases/h15/data.htm); Inflation:
(http://www.usinflationcalculator.com/inflation/historical-inflation-rates/).
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The derivation of the other parameters are described in Section 3. See Table

1 for exact parameter values.

The numerical model solves Lemmas 1 and 2 (extended to include cap-

ital deprecation), given these functional forms and parameter values. The

competitive equilibrium is solved as a ‘recursive loop’ over the years 2015,

2016, . . . ,2215. In this loop, the maximization problem (10) is solved for

t̄ − t = 200 in each year (i.e., t̄ = 2215 when s = 2016,t̄ = 2216 when

s = 2017,..., t̄ = 2415 when s = 2215). The initial conditions Ȳ i, Xi, S̄ and

χ̄i, in each loop year is determined by the previous year simulation.

Figure 10 graphs competitive equilibrium producer prices and the one

period ahead adaptive producer prices in the simulation run with SCC taxes.

Figure 12 graphs results from an sensitivity analysis wrt. resource scarcity.

Here the scarcity parameter ci7 is multiplied with 0, 1, ..., 5 for coal, gas and

CCS. The left hand side of Figure 13 graphs the model simulated welfare

effects following implementation of optimal taxes, compared to Pigou taxes.

I test the model fit by running the model against history from 1991 to 2015.

The right hand side of Figure 13 graphs model projections and historic

figures for the period 1991-2015. This simulation uses ψ = 1 and features

real figures for U.S. GDP and U.S. prices on coal and gas (captured by the

producer tax). The simulation is very rough and does not capture other

variables that may affect U.S. electricity generation. The simulation run

assumes that coal and gas prices remain at the 2015 level into the future,

and that future U.S. GDP grows at a rate equal to the average growth

rate during 1990-2015. We see that the simulation is unable to capture

dynamics between gas and coal induced by the shale gas revolution. Figure

14 replicates Figures 4 and 5 in the text in the case of a stock pollutant.

This simulation uses α = 0.995 (according to Hoel and Karp (2002), 0.5%

is widely accepted as an approximate point estimate for the decay rate for

greenhouse gasses), d1 = 1 and d2 = 0.0545/1000.
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Parameter\fuel Coal Gas Nuclear renewable CCS

ς i 1.011 .3986 .0052 .0052 .0705
xi0 1349 1388 531.4 817.5 1
ci1 42.98 40.62 68.3 78.8 94.3
ci2 .0381 .0387 .0319 .0294 .0226
ci4 0.1 0.1 1 0.1 0.1
ci6 105 105 0 0 105
ci7 7.4E-5 9.6E-4 0 0 1.4E-4
ki1 .963 .276 1.574 .841 1.346
ki2 0.2 0.2 0.2 1 0.2
Ȳ i 1348.8 1387.7 817.5 531.4 5

Parameter α δ ϑ ψ c3

Value .995 0.97 0.5 0 or 1 4.2E+5

Parameter c5 d1 d2 d3 k3

Value .994 73.4 0 0 1.0E-4

Parameter p̄i X̄i u1 u2

Value 103.2 1 705.5 .3342

Table 1: Parameter values in the numerical illustration.

Figure 12: Sensitivity wrt. resource scarcity. Effects of tax announcement
on production by source (left axis) and emissions (right axis) summed over
the 10 years before the tax is implemented. Tax minus no tax simulation
values.
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Figure 13: Left figure: Welfare effects. Optimal tax simulation values minus
Pigou tax simulation values. Right figure: Model fit to history. Electricity
generation by source. Model generated (dashed lines) and historic values
(unbroken lines).

Figure 14: Transition dynamics with a stock pollutant.
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