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Abstract
The basis for this paper is the pricing of multi-period rate of return
guarantees. These guarantees can typically be found in life insurance
and pension contracts. We derive closed form solutions, expressed by
the cumulative multivariate normal probability distribution, for multiperiod rate of return guarantees on both a money market account and
a stock. The guarantees of Hipp (1996), Persson and Aase (1997), and
Miltersen and Persson (1999) can be seen to be special cases of our
results.
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Introduction.

Most ﬁnancial investments are exposed to the risk of getting a low rate of
return. By including a minimum rate of return guarantee in a ﬁnancial contract, the risk of getting a low rate of return on the investment is eliminated.
However, the rate of return is still risky.
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Minimum rate of return guarantees are typically embedded in life insurance contracts and index linked bonds. How the guarantees embedded in life
insurance contracts are priced in practice seems to be somewhat insuﬃcient.
According to Donselaar (1999), as much as 75% of the Dutch life insurers
oﬀered minimum rate of return guarantees free of any charge.1 One has
seen several life insurance companies that have gone into bankruptcy because they were unable to fulﬁl the liabilities imposed by minimum rate of
return guarantees, see e.g., Briys and de Varenne (1997). This demonstrates
that the pricing of minimum rate of return guarantees is an important issue.
One of the earliest treatments of guarantees is due to Brennan and
Schwartz (1976). They consider maturity guarantees, and they show, by
using the framework and the results of Black and Scholes (1973), that a
maturity guarantee is equivalent to holding a European put option and the
underlying asset (or, alternatively, a risk free investment and a European call
option). They also include mortality risk and extend the results to periodic
premium payments. This is the same kind of guarantee that can be found
in index linked bonds and has been thoroughly analysed in the literature.
Life insurance contracts with their embedded guarantees are often far
more complicated than the maturity guarantee. Both legal requirements in
diﬀerent countries and diﬀerent company policies will determine how returns
are distributed between the insurer and the insured. These distribution
mechanisms may be fairly involved, and life insurance contracts may therefore be embedded with several option and guarantee elements. Grosen and
Jørgensen (2000), Hansen and Miltersen (2000), and Miltersen and Person
(2000) analyse diﬀerent mechanisms for distributing the return between the
insurer and the insured. The complexity of the contracts forces, in all of the
three papers mentioned above, the main results to be solved by numerical
methods.
Hipp (1996) recognises that the guarantees included in many life insurance contracts are not maturity guarantees, but annual, or multi-period,
guarantees. A multi-period guarantee secures a minimum rate of return in
each period. This turns out to be a totally diﬀerent guarantee than the
maturity guarantee that only lasts for one period. Within the framework of
Black and Scholes (1973), Hipp (1996) derives closed form solutions for the
market value of a multi-period rate of return guarantee. For deterministic
interest rates, the market value of an N -period guarantee is given by a fairly
simple expression. Persson and Aase (1997) investigate a two-period guarantee when interest rates are stochastic. They ﬁnd that the market value is
given as a function of the cumulative bivariate normal probability distribution. This work is continued by Miltersen and Persson (1999) in a Heath,
Jarrow, and Morton setting. They ﬁnd the market value of a two-period
rate of return guarantee on both the short term interest rate and the stock
1

It seems unlikely that this is only a Dutch phenomena.
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return.2
In this paper we derive closed form solutions for the market value of
multi-period rate of return guarantees when interest rates are both deterministic and stochastic. The results of Hipp (1996), Persson and Aase (1997),
and Miltersen and Persson (1999) can be seen to be special cases of our
results. These contracts are stylised in the sense that mortality factors, periodical premiums, surrender option3 , annual distribution of surplus, and
bonus mechanisms are not included, and the contracts may therefore not be
directly found in the market. However, we believe that results in this line
are important for the understanding of models which incorporates some of
the factors just mentioned.
An outline of the paper goes as follows. In section 2 we give a description
of the general framework we work within. In section 3 we calculate the
market value of multi-period rate of return guarantees. In subsection 3.1
interest rates are assumed deterministic, while in subsection 3.2 interest
rates are assumed stochastic. In section 4 we calculate market values of
multi-period rate of return guarantees. In section 5 we end the paper with
some concluding remarks.
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The Economic Model.

We work within an extended Heath, Jarrow, and Morton (1992) model, also
called an Amin and Jarrow (1992) model. A description of this model can be
found in an advanced textbook in ﬁnance, see e.g., Musiela and Rutkowski
(1997).
We assume that trading takes place on a continuous basis on the time
interval [0, T ], for some ﬁxed horizon T > 0. A ﬁltered probability space
(Ω, F, F, P ) is ﬁxed, where Ω is the state space, F is a σ-algebra, F =
{Ft , 0 ≤ t ≤ T } is a ﬁltration where FT = F and F0 = {Ø, Ω}, where Ø is
the empty set, and P is a probability measure. The σ-algebra is generated
by a d ≥ 1 dimensional Brownian motion, Bt .4
We assume, under the equivalent martingale measure Q, that the continuously compounded forward rates from time t to s, f (t, s), 0 ≤ t ≤ s ≤ T ,
2

Reﬀs (1998) considers an instantaneous rate of return guarantee where the investment,
at all times in the contract period, bears the maximum of the short term interest rate and
the minimum guaranteed rate of return. This kind of guarantee can be seen as the limit
of the multi-period rate of return guarantee when the length of each period approaches
zero and the number of periods approaches inﬁnite.
3
A surrender option is the right a policy holder has to terminate the policy prior to
maturity. This kind of problem can be analysed as an optimal stopping problem, or in
ﬁnancial terms, as an American option. Grosen and Jørgensen (1997) ﬁnd that the market
value of the surrender option can be quite signiﬁcant.
4
For the case with both stochastic interest rates and a stock, we require, in order to
avoid perfect correlation between the stock and the interest rates, that d > 1.
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are given by

f (t, s) = f (0, s) +
0



t



s

σf (v, s)

σf (v, u)dudv +
v

0

t

σf (v, s)dBv ,

(1)

where suﬃcient regularity conditions for σf (t, s), 0 ≤ t ≤ s ≤ T are given
in Heath, Jarrow, and Morton (1992).
The short term interest rate rt = f (t, t). We will throughout assume
that σf (t, s), is a deterministic function, a fact which implies Gaussian interest rates. When considering deterministic interest rates we formally set
σf (t, s) = 0. We also assume that there is a continuum of zero coupon bonds
trading in the market.
We let the market value of the stock, St , be given under the equivalent
martingale measure Q by the equation
 t
 t
St = S0 +
rv Sv dv +
σS (v)Sv dBv ,
(2)
0

0

t
where rt St satisﬁes the integrability condition 0 rv Sv dv < ∞ almost surely
for all t ≤ T . σS (t) is the instantaneous standard deviation
 tof the return on
the stock and satisﬁes the square integrability condition 0 (σS (v)Sv )2 dv <
∞ almost surely (for further details on integrability conditions, see e.g.,
Duﬃe (1996)).
The money market account is an asset where interest accrues according
to the short term interest rate. Under the equivalent martingale measure
the market value, Mt , is given by
 t
rv Mv dv, M0 = 1,
(3)
Mt = M0 +
0

t
where rt Mt satisﬁes the integrability condition 0 rv Mv dv < ∞ almost surely
for all t ≤ T .
From (2) and (3) we can see that the money market account, under the
equivalent martingale measure Q, is just a special case of the stock since the
money market account has no diﬀusion term.
In the rest of this paper we divide the time into periods. Period n will
be the time interval between time tn−1 and tn . The initial investment is
normalised to one.

3

Pricing Multi-Period Rate of Return Guarantees.

Before we turn to the pricing of multi-period minimum rate of return guarantees, we review some useful relationships and results from Miltersen and
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Persson (1999). They ﬁnd that the return on the money market account in
period n is given by


βn

n

1 2
=
rv dv = − ln F (0, tn−1 , tn ) + σβn +
c(k−1),n
2
tn−1
k=1
 tn−1  tn
 tn  tn
+
σf (v, u)dudBv +
σf (v, u)dudBv ,
tn

0

tn−1

tn−1

v

where
F (0, tn−1 , tn ) =

P (0, tn )
P (0, tn−1 )

is the forward price at time zero for delivery at time tn−1 of a zero coupon
bond maturing at time tn (P (0, tn )). Also
 tn−1   tn
 tn   tn
2
2
2
σ βn =
σf (v, u)du dv +
σf (v, u)du dv
0

tn−1

tn−1

v

is the variance of the return on the money market account in period n, and,
ﬁnally,
 tm−1   tm
  tn

σf (v, u)du
σf (v, u)du dv
cm,n =
0



tm

tm−1
tm

tn−1
tn



+

 
σf (v, u)du

tm−1

v


σf (v, u)du dv

tn−1

is the covariance between the return on the money market account in period
m and n, 1 ≤ m < n. The market value of the money market account at
time tn can be written as
Mtn = Mtn−1 eβn .
The return on the stock in period n can be written as
 tn
 tn 

1
2
rv − σS (v) dv +
σS (v)dBv ,
δn =
2
tn−1
tn−1

(4)

so that the time tn market value of the stock may be expressed as
Stn = Stn−1 eδn .
Since cm,n is the covariance between the rate of return on the money market
account in period m and n, we can from the above clearly see that the rate
of return on both the money market account and on the stock in one period
(under the equivalent martingale measure Q) is dependent on the return in
the previous periods. Since we use an interest rate with contineous path
5

(trajectory), this seems intuitive. A high interest rate at the end of one
period will typically be followed by a high interest rate in the beginning of
the next period.
In addition, we also need to calculate the covariance (c̄m,n ) between the
return on the stock (in period m) and the money market account (in period
n) and between the return on the stock in diﬀerent periods (c̄¯m,n ). Using
the Itô isometry, we get
 tm
 tn
σS (v)
σf (v, u)dudv
c̄m,n = cm,n +
tm−1

for n > m.
c̄n,n = σβ2n +



tn−1



tn

tn

σS (v)
tn−1

σf (v, u)dudv,
v

for m = n, and
c̄m,n = cn,m ,
for n < m.


c̄¯m,n = cn,m +



tm

tn

σS (v)
tm−1

σf (v, u)dudv.
tn−1

The variance of the return on the stock in period n is given by
 tn
 tn
 tn
2
2
σS (v)
σf (v, u)dudv +
σS (v)2 .
σδn = σβn + 2
tn−1

v

tn−1

Maturity guarantees are important building blocks for multi-period rate
of return guarantees. We therefore write down the pricing formula for the
maturity guarantee. Let Xt ∈ {Mt , St } and σX (t) ∈ {σβ (t), σδ (t)}. The
market value at time t < 1 of a maturity guarantee is given by (see e.g.
Miltersen and Persson (1999))
πt =

Xt
Φ(d1,t ) + P (t, 1)eg Φ(−d2,t ),
X0

where Φ(·) is the cumulative normal distribution function, g is the minimum
guaranteed rate of return, and
d1,t =

ln(Xt /X0 ) − g − ln P (t, 1) 1
+ σX (t),
σX (t)
2

and
d2,t = d1,t − σX (t).
Let us now concentrate on the case with deterministic interest rates.
6

3.1

Deterministic Interest Rates.

In this subsection we ﬁnd the market value of a multi-period rate of return
guarantee with the return on a stock as the underlying asset (this is indicated
by the superscript d).
The terminal payoﬀ at time tN for an N -period guarantee is given by
θtd,N
=
N

N


max

i=1


 S
ti
, egi .
Sti−1

(5)

Hipp (1996) and Miltersen and Persson (1999) show that the time t0
market value of the claim in (5) is given by
θtd,N
=
0

N 



Φ(di1,0 ) + egi F (t0 , ti−1 , ti )Φ(−di2,0 ) ,

i=1

where
di1,t =

ln(St /St ) − gi − ln(F (t, ti−1 , ti )) 1
+ σdi,t
σdi,t
2

di2,t = di1,t − σdi,t ,
t
and σd2i,t = t i σS2 (v)dv for t ∈ [ti−1 , ti ).
Now, assume that we want to ﬁnd the market value of the guarantee at
time t in period τ ∈ {2, 3, . . . , N }. For τ ≥ 2, the realized return in the
n = τ − 1 previous periods is given by
n

d

R =

n

i=1

max


 S
ti
, egi .
Sti−1

Proposition 1. The time t ∈ [tτ −1 , tτ ) market value in period τ of an
N -period rate of return guarantee on the stock return is given by5
d,(N −τ )

d,τ
πN,t
= τ −1 Rd · πtd · θtτ

.

Proof. Let EQ [·] be the expectation under the equivalent martingale measure
5

type of underlying asset, current period
.
total number of periods, point in time

d,τ
πN,t
should be read as π
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Q. We have that
N
  tN

 S


ti
d,τ
πN,t
= EQ e− t rv dv
max
, egi Ft
Sti−1
i=1

=

τ
−1
i=1

N
   tN

 S
 S


ti
ti
gi
− t rv dv
max
, e EQ e
max
, egi Ft
Sti−1
Sti−1
i=1

 S


ti
= (τ −1) Rd EQ
e− t rv dv max
, egi Ft
Sti−1
i=τ
  tτ

 S

ti
, egi Ft ·
= (τ −1) Rd EQ e− t rv dv max
Sti−1
N
  ti

 S

−
r dv

ti
EQ e ti−1 v max
, egi Ft
Sti−1
N


=

 ti

i=τ +1
τ −1 d

R · πtd · θd,(N −τ ) .

The second equality follows since the return in the ﬁrst τ −1 periods is Ftτ −1 measurable. The third and fourth follows since the return on the stock in
period i and j are independent for all i, j, i = j.
From the pricing formula in Proposition 1, we see that the market value
consists of the product between three parts; the realised return in the τ − 1
previous periods, the market value of the guarantee in the current period,
τ , and, ﬁnally, the market value of the guarantees in the remaining N − τ
periods. For the special case when τ = 1, the same pricing formula follows
with 0 Rd = 1.

3.2

Stochastic Interest Rates.

As already mentioned, considering a stochastic interest rate environment,
the rate of return in one period is dependent on the rate of return in earlier
periods. This makes it necessary to involve the multivariate probability
distribution when pricing multi-period rate of return guarantees.
Highly inspired by the results of Persson and Aase (1997) and Miltersen
and Persson (1999), we follow their approach rather closely when deriving
the pricing formulas. We ﬁnd closed form solutions for the initial market
value of guarantees on both the money market account and on the stock return for an N -period guarantee, N ≥ 2. The solutions are expressed by the
N -dimensional multivariate normal probability distribution. Setting N = 2,
we obtain the results of Persson and Aase (1997) and Miltersen and Persson
(1999) as special cases. We start by considering the money market account.

8

3.2.1

Pricing the Guarantee on the Money Market Account.

Let N be the total number of periods. To ﬁnd the market value of the
guarantee we have to ﬁnd the expected deﬂated cash ﬂow at time tN ≤ T
under the equivalent martingale measure. This is given by the expectation

β
e(g1 −β1 )∨0 · e(g2 −β2 )∨0 · . . . · e(gN −βN )∨0 .
(6)
=
E
πN,t
Q
N
An N -period guarantee has two diﬀerent possibilities in each period; (0)
the guarantee is not binding, and (1) the guarantee is binding. For an N period guarantee, this yields the possibility of in total 2N diﬀerent “states”
of the world.
To evaluate the expectation in (6), we ﬁrst deﬁne some vectors and
matrices. Let cj , j ∈ {1, 2, . . . , 2N } be an N × 1 dimensional vector giving
the “state” of the world. The i’th element of cj , i ∈ {1, 2, . . . , N }, takes the
value 1 when the guarantee is binding in the i’th period and 0 otherwise.
This, of course, yields 2N unique cj ’s, each having a unique combination of
0’s and 1’s.6
ĉj , j ∈ {1, 2, . . . , 2N }, is an N × N dimensional symmetric matrix with
only non-zero elements on the diagonal. The diagonal of ĉj is given by
2cj − 1, where 1 is a vector only containing ones, i.e., the i’th diagonal
element of ĉj takes the value 1 when the guarantee is binding in the i’th
period and minus one otherwise. The minimum guaranteed rate of return
in each period is given by the column vector g = (g1 , g2 , . . . , gN ) . The
expected return on the money market account under the equivalent martingale measure Q is given by Λ, an N × 1 dimensional vector with i’th
element Λi = −F (0, ti−1 , ti ) + 12 σβ2i + ik=1 c(k−1),i . Σ is the variancecovariance matrix of the multivariate normal distributed random variables
β = (β1 , β2 , . . . , βN ) . Σ is the standardized version of Σ. α̂j is an N × 1
dimensional vector, whose rational follows from the proof of Proposition 2.
The i’th element of α̂j is given by
α̂j,i =

gi − Λi + (Σcj )i
,
σ βi

(7)

where (Σcj )i is the i’th element of the vector Σcj , and is due to a property
for the multivariate normal probability distribution that is given in Lemma
1.
6

To construct all 2N cj ’s, consider an N × 2N dimensional matrix with 2N diﬀerent
columns equal to cj . In the ﬁrst row, let the ﬁrst 2N −1 elements equal 1, and the remaining
2N −1 elements equal 0. In row two, let the ﬁrst 2N −2 elements equal 1, the next 2N −2
elements equal 0, the next 2N −2 elements equal 1, and ﬁnally the last 2N −2 elements equal
0. Let this continue, so that the elements in row N are equal to 1, 0, 1,. . . , 1, and 0. The
ﬁrst column then corresponds to the state where the guarantee is binding in each period,
and column 2N the state where the guarantee is never binding.
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Lemma 1. For multivariate normal distributed random variables X with expectation µ, variance-covariance matrix V, and probability density function
φ(X; µ, V), we have that
1
φ(X; µ, V) exp(−m X) = φ(X; µ − Vm, V) exp(−m µ + m Vm),
2
where m can be any column vector with the same dimension as X.
Proof. For the k-dimensional multivariate distributed random variables X,
we have that


φ(X; µ, V)e−m X

= (2π)−1/2k |V|−1/2 e−1/2(X−µ) V


−1 (X−

µ)−m X .

(8)

Using the symmetry properties of V, it follows by straight forward calculations that (8) can be rewritten as
 −1


(2π)−1/2k |V|−1/2 e−1/2(X−µ+Vm) V (X−µ+Vm)−m µ+1/2m Vm
1
= φ(X; µ − Vm, V) exp(−m µ + m Vm).
2

Finally, αj = ĉj α̂j is an N × 1 dimensional vector.
The solution of the expectation in (6) is given in Proposition 2.
Proposition 2. The initial market value of an N -period guarantee on the
money market account is given by
2

N

β
πN

=





1 

ecj g−cj Λ+ 2 cj Σcj Φ(αj , ĉj Σĉj ),

j=1

where
Φ(a, V) is the cumulative multivariate normal distribution evaluated at the points determined by the vector a and with variancecovariance matrix V.
Proof. See Appendix A.
3.2.2

Pricing the Guarantee on the Stock Return.

To ﬁnd the initial market value of the guarantee on the stock return, we have
to, as for the guarantee on the money market account, take the expectation
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of the deﬂated payoﬀ at time tN under the equivalent martingale measure.
This yields the expectation

δ
πN,tN = EQ e(g1 −β1 )∨(δ1 −β1 ) · e(g2 −β2 )∨(δ2 −β2 ) · . . . · e(gN −βN )∨(δN −βN ) ]. (9)
We now introduce some new vectors and matrices. c̄j , j ∈ {1, 2, . . . , 2N },
is a 2N × 1 dimensional vector only containing -1’s, 0’s, and 1’s. The ﬁrst N
elements are equal to 1 and the remaining N elements are equal to cj − 1.
As in the previous subsection, the i’th element of cj is equal to 1 when the
guarantee is binding in the i’th period and 0 otherwise. It then follows that
the N +i’th element of c̄j , i ∈ {1, 2, . . . , N }, is equal to 0 when the guarantee
is binding in the i’th period and -1 otherwise. It is possible to construct 2N
unique c̄j ’s, each corresponding to a state of the world.
The minimum guaranteed rate of return is given by the N ×1 dimensional
vector ḡ = (ḡ1 , ḡ2 , . . . , ḡN ) . Λ̄ is a 2N × 1 dimensional vector giving the
expectation of β̄ = (β1 , β2 , . . . , βN , δ1 , δ2 , . . . , δN ) . The expectation of the
i’th δ is given by Λ̄N +i = Λi − 12 σd2i . Σ̄ is the variance-covariance matrix
of the multivariate normal distributed random variables β̄ and Σ̄ is the
standardized version of Σ̄. Σ̄δ is the standardized version of the variancecovariance matrix of the multivariate normal distributed random variables
δ = (δ1 , δ2 , . . . , δN ) . ᾱj is a 2N × 1 dimensional vector that gives the points
to evaluate the cumulative multivariate normal probability distribution at,
¯ j is given by
¯ j , where the i’th element of α̂
and it is given by c̄j α̂
¯ j,i = ∞,
α̂
for i ∈ {1, 2, . . . , N } and
¯ j,i = gi − Λ̄i + (Σ̄c̄j )i ,
α̂
σδi
for i ∈ {N + 1, N + 2, . . . , 2N }.
ᾱδj is an N × 1 dimensional vector with i’th element, i ∈ {1, 2, . . . , N },
equal to the N + i’th element of ᾱj .
The solution of the expectation in (9) is given in Proposition 3.
Proposition 3. The initial market value of an N -period guarantee on the
stock return is given by
2

N

δ
πN

=





1 

ecj ḡ−c̄j Λ̄+ 2 c̄j Σ̄c̄j Φ(ᾱδj , ĉj Σ̄δ ĉj ).

j=1

Proof. See Appendix B.
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Example (N = 2). Let us consider the same guarantee as in Miltersen
and Persson (1999), i.e., N = 2. The ﬁrst guarantee lasts from time 0
to 1, and the second from time 1 to 2. We then have that c1 = (1 1) ,
c2 = (1 0) , c3 = (0 1) , and c4 = (0 0) . We further have that
−1 0
0 −1

ĉ1 =

,

ĉ2 =

−1 0
0 1

,

ĉ3 =

1 0
0 −1

,

1 0
0 1

ĉ4 =

.

The vector Λ̄ under Q is given by

− ln P (0, 1) + 12 σβ12
 − ln F + 1 σ 2 + c
2
1,2

2 β2
Λ̄ = 
1
 − ln P (0, 1) + 2 σβ12 − 12 σd21
− ln F2 + 12 σβ22 + c1,2 − 12 σd22
and Σ̄ is given by



Σ̄ = 





,


c1,2
σβ21 + k1
c1,2
σβ21
2
2
c1,2
σ β2
c1,2 + k1,2 σβ2 + k3
σβ21 + k1 c1,2 + k1,2
σδ21
c1,2 + k1,2
2
c1,2
σβ2 + k3 c1,2 + k1,2
σδ22

where

k1 =

1

σS (v)

0

σf (v, u)dudv,
v


k1,2 =



1



1
0

σS (v)

2

σf (v, u)dudv,

1

and

k3 =



2
1

2

σS (v)

σf (v, u)dudv.
v

Σ̄ =

1 ρ̄
ρ̄ 1
12

,




,


where ρ̄ =

c1,2 +k1,2
σ δ1 σ δ2 .

The exponent, cj ḡ − c̄j Λ̄ + 12 c̄j Σ̄c̄j , becomes







1
cj ḡ − c̄j Λ̄ + c̄j Σ̄c̄j =

2





0
g2 + ln F2 − σδ1 σδ2 ρ̄
g1 + ln P (0, 1)
g1 + g2 + ln P (0, 1) + ln F2
= g1 + g2 + ln P (0, 2)

for j = 1,
for j = 2,
for j = 3,
for j = 4.

¯ j,i for i = 3, 4 becomes
α̂

¯1 = 
α̂

¯2 = 
α̂

g1 −Λ̄3 +(Σc1 )3
σ δ1
g2 −Λ̄4 +(Σc1 )4
σ δ2

g1 −Λ̄3 +(Σc2 )3
σ δ1
g2 −Λ̄4 +(Σc2 )4
σ δ2


¯3 = 
α̂

¯4 = 
α̂

=






=


g1 −Λ̄3 +(Σc3 )3
σ δ1
g2 −Λ̄4 +(Σc3 )4
σ δ2

g1 −Λ̄3 +(Σc4 )3
σ δ1
g2 −Λ̄4 +(Σc4 )4
σ δ2









g1 +ln P (0,1)− 12 σδ2
1
σ δ1
g2 +ln F2 − 21 σδ2
2
− σδ1 ρ̄
σ δ2

=



,

g1 +ln P (0,1)− 12 σδ2
1
+ σδ2 ρ̄
σ δ1
1 2
g2 +ln F2 + 2 σδ
2
− σδ1 ρ̄
σ δ2



=





g1 +ln P (0,1)+ 12 σδ2
1
σ δ1
g2 +ln F2 − 12 σδ2
2
σ δ2

g1 +ln P (0,1)+ 12 σδ2
1
σ δ1
1 2
g2 +ln F2 + 2 σδ
2
σ δ2



,




,


+ σδ2 ρ̄ 
.

Inserting these expressions into the formula in Proposition 3, the formula
in Proposition 5.4 in Miltersen and Persson (1999) is obtained.

4

Implementation of the Pricing Formula.

The expression for the market value of the guarantee in Proposition 1 is
easily implemented since it only involves the cumulative univariate normal
probability distribution, and the time of maturity of the contract is therefore
of no importance in regards to computer time. This is unfortunately not the
case for the expressions in Proposition 2 and 3. These expressions involves
the cumulative multivariate normal probability distribution, which has to be
approximated by numerical methods, e.g., Monte Carlo-integration. Genz
(1992) proposes a way of calculating multivariate normal probabilities.7
The guarantees considered here are typical long lasting, and the duration
of the majority of the contracts are perhaps in the range from 20 to 40 years.
7

A
FORTRAN
77
code
for
this
problem
http://www.sci.wsu.edu/math/faculty/genz/homepage.
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can

be

found

at

For a guarantee lasting for 30 years there are more than one billion (230 )
30-tuppel integrals to be evaluated. This calculation is likely to be very time
consuming.
By specifying the volatility in the Heath, Jarrow, and Morton model as
(see e.g., Miltersen and Persson (1999))
σf (v, t) = e−

t
v

κu du

σv ,

(10)

the model of Vasicek (1977) is obtained. We will assume that σv = σ and
κu = κ are constants. More precisely, when analysing the money market
account we use the speciﬁcation in (10), and when analysing the guarantee
on the stock return (with stochastic interest rates), we let
 
1
σS (t) = σS  
0


and

ϕ



,
σf (v, u) = σe−κ(u−v)  
2
1−ϕ
where ϕ is a constant.
Using these speciﬁcations and inserting into the earlier expressions for
the variances and covariances, the following equations follow (note that time
tn = n, tn−1 = n − 1, tm = m, and tm−1 = m − 1)
σβ2n =

σ2
(2e−κ − 2 − e−2κn + 2eκ(1−2n) − e2κ(1−n) + 2κ),
2κ3

cm,n =

σ2
(−2eκ(m−n) − eκ(−m−n+2) + 2eκ(−m−n+1)
2κ3
−eκ(−m−n) + eκ(m−n−1) + eκ(m−n+1) ),

σδ2n = σβ2n +
c̄m,n = cm,n +

2σσS ϕ
(κ − 1 + e−κ ) + σS2 .
κ2

σσS ϕ −κ(n−m−1)
(e
− 2e−κ(n−m) + e−κ(n−m+1) ),
κ2

for n > m,
c̄n,n = σβ2n +

σσS ϕ
(κ − 1 + e−κ ),
κ2

for m = n, and
c̄m,n = cn,m ,
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for n < m.
We will now use the results in Proposition 1 - 3 to calculate the market
values of rate of return guarantees lasting from 2 - 5 periods. For the case
with deterministic interest rates, we will assume the following parameter
values (we assume an initial ﬂat term structure of interest rates);
S0 = 1,

g = ln(1.04),

σS = 0.20,

r = 0.05.

For the case with stochastic interest rates, the following additional parameters are assumed;
σ = 0.03,

κ = 0.10,

ϕ = −0.5.

The market values are reported in Table 1. As we can see, introducing
stochastic interest rates does not change the market value of the guarantee
on the stock return much. The market value of the guarantee on the return
on the money market account is lower than for the guarantee on the stock
return. This is a consequence of the low volatility on the return on the
money market account.

Table 1: Market value of multi-period rate of return guarantees.

N=2
N=3
N=4
N=5

Proposition 1
d
πN
1.1534
1.2388
1.3304
1.4288

Proposition 2
β
πN
1.0105
1.0216
1.0511
1.0643

Proposition 3
δ
πN
1.1493
1.2341
1.3286
1.4268

The market values in Table 1 for the claim in Proposition 1 are easily
found from the closed form solution. For N = 2 the market values follow
directly from the closed form solutions in Miltersen and Persson (1999). For
N = 2, 3, and 4, the multivariate normal probabilities used to calculate the
market value of the claims in Proposition 2 and 3 are found by using a
Fortran 77 code written by Genz and is based on an algorithm proposed by
Genz (1992).

5

Conclusions.

We have in this paper derived closed form solutions for the market value of
multi-period rate of return guarantees. First we extended the model of Hipp
(1996) so that the market value can be calculated at any time within the
15

contract period. We then went on to ﬁnding the market value of guarantees
when interest rates are stochastic. We found closed form expressions for
both multi-period guarantees on the short term interest rate and on the
stock return. The two-period guarantees analysed by Persson and Aase
(1997) and Miltersen and Persson (1999) were seen to be special cases of our
formulas. Finally we gave some remarks on implementation of the pricing
formulas.

A

Appendix.

The proof follows the same lines as the proof in the appendix of Persson and
Aase (1997). We let the vector cj , j ∈ {1, 2, . . . , 2N }, represent a unique
state. We let 1cj be the indicator function for the state cj , returning the
value 1 when cj is true and 0 otherwise. An expectation is a linear operator,
and we can therefore split the expectation in (6) into the expected deﬂated
payoﬀ in each state, i.e.,
2 

N

β
πN

=

j=1

∞
−∞



∞

−∞


···

∞

−∞

1cj φ(β, Λ, Σ) exp(cj (g − β))dβN · · · dβ2 dβ1 .

For ease of exposition, we will rewrite this as follows
 g1  g2
 gN
β
πN
=
···
φ(β, Λ, Σ) exp(c1 (g − β))dβN · · · dβ2 dβ1
−∞ −∞
 g1  g2 −∞
 ∞
+
···
φ(β, Λ, Σ) exp(c2 (g − β))dβN · · · dβ2 dβ1
−∞ −∞
gN
 g1  ∞
 ∞
+... +
···
φ(β, Λ, Σ) exp(c(N −1) (g − β))dβN · · · dβ2 dβ1
gN
−∞ g2
 ∞ ∞
 ∞
+
···
φ(β, Λ, Σ) exp(cN (g − β))dβN · · · dβ2 dβ1 .
g1

g2

gN

Using the property in Lemma 1, this can be rewritten as

β
πN

g1



g2

=
−∞

−∞


···

gN
−∞

φ(β, Λ − Σc1 , Σ) ·

1
exp(−c1 Λ + c1 (g + Σc1 ))dβN · · · dβ2 dβ1
2
 g1  g2
 ∞
+
···
φ(β, Λ − Σc2 , Σ) ·
−∞

−∞

gN

1
exp(−c2 Λ + c2 (g + Σc2 ))dβN · · · dβ2 dβ1
2
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g1



∞

+... +
−∞



∞

···

g2

gN

φ(β, Λ − Σc(N −1) , Σ) ·

1
exp(−c(N −1) Λ + c(N −1) (g + Σc(N −1) ))dβN · · · dβ2 dβ1
2
 ∞ ∞
 ∞
+
···
φ(β, Λ − Σc8 , Σ) ·
g1

g2

gN

1
exp(−cN Λ + cN (g + ΣcN ))dβN · · · dβ2 dβ1 .
2
Next, converting to standard multivariate random variables by using the
relation in (7), it follows that the limits of the integrals given by g, are
changed to α̂j . Finally, by using standard symmetry properties for the
multivariate normal distribution, we ﬁnd that the cumulative multivariate
normal probability distribution must be evaluated at the points αj = ĉj α̂j
with variance-covariance matrix ĉj Σĉj . The desired pricing formula then
follows.

B

Appendix.

The proof partially follows from the proof for the guarantee on the money
market account.
We let 1c̄j be an indicator function returning the value 1 when c̄j is true
and 0 otherwise. Again, using the linearity of the expectation operator, the
expectation in (9) can be written as
2

N

δ
πN

=

 

EQ ecj ḡ−c̄j β̄ 1c̄j .

j=1

Let EQ [1c̄j ] = Q(c̄j ) be the probability under the equivalent martingale
measure Q for the state c̄j . It follows directly from Lemma 1 that we can,
for each j, construct a probability measure Qc̄j equivalent to Q. Qc̄j is
deﬁned by
1 



dQc̄j
e−c̄j Λ̄+ 2 c̄j Σ̄c̄j
=
.

dQ
e−c̄j β̄
It then follows that
2

N

δ
πN

=





1 

ecj ḡ−c̄j Λ̄+ 2 c̄j Σ̄c̄j Qc̄j (c̄j ),

j=1

where the expectation of β̄ under Qc̄j is from Lemma 1 seen to be given by
Λ̄Qc̄j = β̄ − Σ̄c̄j .
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Qc̄j (c̄j ) is determined by the cumulative multivariate normal probability
distribution evaluated at the points determined by the vector ᾱδj . The i’th
element of ᾱδj , i ∈ {N +1, N +2, . . . , 2N }, follows after changing to standard
multivariate normal random variables under the probability measures Qc̄j
and exploiting symmetry properties for the cumulative multivariate normal
probability distribution. We have that
¯ j,i =
α̂

gi − (Λ̄Qc̄j )i
σδi

,

where (Λ̄Qc̄j )i is the N + i’th element of the vector Λ̄Qc̄j . Since β has
no upper or lower limit as the vector g for δ, it is easily seen that the
2N -dimensional multivariate normal cumulative probability distribution is
reduced to an cumulative N -dimensional multivariate normal probability
distribution. Finally, using symmetry properties for the cumulative multivariate normal probability distribution, we can proceed as for the money
market account, and it then follows that the distribution must be evaluated
at the points determined by the vector ᾱδj . The desired pricing formula then
follows.
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